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Abstract
The paper is devoted to the study of the Cauchy-type problem for the
differential equation(
Dα0+,tu
)
(x, t) = λ2∆xu(x, t) (x ∈ Rm; t > 0; λ > 0),
involving the Riemann-Liouville partial fractional derivative of order α > 0(
Dα0+,tu
)
(x, t) =
(
∂
∂t
)n 1
Γ(n− α)
t∫
0
u(x, τ)dτ
(t− τ)α−n+1
(n = [α] + 1; x ∈ Rm; t > 0),
and the Laplace operator ∆x =
m∑
j=1
∂2u
∂x2j
with respect to x = (x1, x2, . . . , xm)
∈ Rm. Using the direct and inverse Fourier and Laplace integral transforms,
the explicit solution of the considered problem is deduced in terms of the
Mittag-Leﬄer function. In the case 0 < α < 2 the explicit solution is
established via the H-function, in particular via the Wright function for
m = 1, and its asymptotic behavior at infinity is studied. Special cases are
considered. Examples are given, and their solutions are illustrated by using
the program Mathematica.
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1. Introduction
The paper deals with the differential equation(
Dα0+,tu
)
(x, t) = λ2∆xu(x, t) (x ∈ Rm; t > 0), (1.1)
where λ > 0,
(
Dα0+,tu
)
(x, t) is the Riemann-Liouville partial fractional
derivative of order α > 0 of a function u(x, t) with respect to the second
variable [15, Section 24.1]:(
Dα0+,tu
)
(x, t) =
(
∂
∂t
)n 1
Γ(n− α)
t∫
0
u(x, τ)dτ
(t− τ)α−n+1 (1.2)
(n = [α] + 1; x ∈ Rm; t > 0),
and ∆x is the Laplace operator with respect to x = (x1, x2, . . . , xm) ∈ Rm:
∆x =
m∑
j=1
∂2u
∂x2j
.
When α = 1 and α = 2, then(
D10+,tu
)
(x, t) =
∂u(x, t)
∂t
and
(
D20+,tu
)
(x, t) =
∂2u(x, t)
∂t2
, (1.3)
respectively, and hence equation (1.1) with α = 1 and α = 2 coincide with
the diffusion (heat) equation
∂u(x, t)
∂t
= λ2∆xu(x, t) (x ∈ Rm; t > 0), (1.4)
and the wave equation
∂2u(x, t)
∂t2
= λ2∆xu(x, t) (x ∈ Rm; t > 0), (1.5)
respectively. Therefore equation (1.1) is known as the diffusion-wave equa-
tion [12, Section 4.2.2]. In particular, when m = 1 equation (1.1) takes the
form (
Dα0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
(x ∈ R; t > 0; λ > 0). (1.6)
Equations (1.1) and (1.6) arise in many applications while solving diffu-
sion problems in physics, mechanics and other applied sciences [12, Sections
4.2.1 and 4.2.2], [1], [5], [6]; see historical information and a survey of results
in the paper [9, Ch.7].
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The present paper is devoted to solution of equation (1.1) of order α > 0
with the initial conditions(
Dα−k0+,tu
)
(x, 0+) = fk(x) (k = 1, . . . , n = −[−α]; x ∈ Rm). (1.7)
Here
(
Dα−k0+,tu
)
(x, 0+) for n − 1 < α < n is understood in the following
sense:(
Dα−k0+,tu
)
(x, 0+) = lim
t→0+
(
Dα−k0+,tu
)
(x, t) (k = 1, . . . , n− 1), (1.8)(
Dα−n0+,tu
)
(x, 0+) = lim
t→0+
(
In−α0+,t u
)
(x, t), (1.9)
while for α = n ∈ N(
Dn−k0+,tu
)
(x, 0+) =
∂n−k
∂tn−k
u(x, 0) (k = 1, . . . , n), (1.10)
where
(
In−α0+,t u
)
(x, t) is the Riemann-Liouville partial fractional integral of
order n− α [15, Section 24.1]:
(
In−α0+,t u
)
(x, t) =
1
Γ(n− α)
t∫
0
u(x, τ)dτ
(t− τ)1−n+α (α < n); (1.11)(
I00+,tu
)
(x, t) = u(x, t).
If α = n ∈ N, then in accordance with (1.2) and (1.10), problem (1.1),
(1.7) takes the form of the Cauchy problem for the differential equation with
the partial derivative of order n:
∂nu(x, t)
∂tn
= λ2∆xu(x, t) (x ∈ Rm, t > 0), (1.12)
∂n−ku(x, 0)
∂tn−k
= fk(x) (k = 1, . . . , n; x ∈ Rm). (1.13)
Therefore, by an analogy, problem (1.1), (1.7) is called the Cauchy-type
problem.
In this paper we apply the direct and inverse Fourier and Laplace in-
tegral transforms to establish the solution in closed form of problem (1.1),
(1.7). First for any α > 0 we deduce such a solution in terms of the above
transforms and of the Mittag-Leﬄer function [4, 18.1(19)]:
Eα,β(z) =
∞∑
j=0
zj
Γ(αj + β)
(α > 0, β > 0; z ∈ C). (1.14)
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Then we prove that in the case 0 < α < 2 the explicit solution can
be expressed via the H2,02,2 -function. Such a general function H
m,n
p,q (z) for
integers m,n, p, q (0 ≤ m ≤ q, 0 ≤ n ≤ p), complex ai, bj ∈ C and positive
αi, βj (1 ≤ i ≤ p; 1 ≤ j ≤ q) is defined by
Hm,np,q
[
z
∣∣∣∣ (ai, αi)1,p(bj , βj)1,q
]
=
1
2pii
∫
L
Hm,np,q
[
(ai, αi)1,p
(bj , βj)1,q
∣∣∣∣ s] z−sds. (1.15)
Here
H(s) ≡ Hm,np,q
[
(ai, αi)1,p
(bj , βj)1,q
∣∣∣∣ s]
=
∏m
j=1 Γ(bj + βjs)
∏n
i=1 Γ(1− ai − αis)∏p
i=n+1 Γ(ai + αis)
∏q
j=m+1 Γ(1− bj − βjs)
, (1.16)
L is specially chosen contour, an empty product, if it occurs, is taken to
be one. Note that this function contain most of elementary and special
functions; its theory can be found, for example, in the books by Mathai
and Saxena [10, Ch.2], Srivastava, Gupta and Goyal [17, Ch.1], Prudnikov,
Brychkov and Marichev [14, Sect.8.3] and Kilbas and Saigo [7, Ch.s 1 and
2].
In particular when m = 1, we show that the obtained solution is given
in terms the Wright function [4, 18.1(27)]:
ϕ(a, b; z) =
∞∑
j=0
zj
j!Γ(aj + b)
(a > 0, b > 0, z ∈ C), (1.17)
being an entire function of z for a > −1 and any b ∈ R, [8, Corollary 1].
Special cases of the above problems (1.1), (1.7) and (1.6), 1.7) are con-
sidered. Using asymptotic estimates for the Hm,np,q -function (1.15), we inves-
tigate the asymptotic behavior of the obtained explicit solution u(x.t) for
0 < α < 2 at infinity.
Finally we consider examples of the Cauchy-type problems (1.1), (1.7)
and (1.6), (1.7), and illustrate obtained solutions by using the program
Mathematica.
2. Explicit solutions in terms of the Laplace and Fourier
transforms and of the Mittag-Leﬄer function
To solve the Cauchy-type problem (1.1), (1.7) we apply the Laplace and
Fourier transforms of a function u(x, t) with respect to t > 0 and x ∈ Rm:
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(Ltu) (x, s) =
∞∫
0
u(x, t)e−stdt (x ∈ Rm; s ∈ C), (2.1)
(Fxu) (σ, t) =
∫
Rm
u(x, t)eix·σdx (σ ∈ Rm; t > 0), (2.2)
and their inverse transforms with respect to s ∈ C and σ ∈ Rm:(L−1s u) (x, t) = 12pii
γ+i∞∫
γ−i∞
estu(x, s)ds (x ∈ Rm; t > 0), (2.3)
(F−1σ u) (x, t) = 1(2pi)m
∫
Rm
u(σ, t)e−iσ·xdσ (x ∈ Rm; t > 0). (2.4)
Here x ·σ =
m∑
i=1
xiσi for x = (x1, . . . , xm) ∈ Rm and σ = (σ1, . . . , σm) ∈ Rm,
while γ ∈ R is a fixed real number. One may find properties of the direct
and inverse Laplace and Fourier transforms, for example, in books by Ditkin
and Prudnikov [2, Ch.II], Sneddon [16, Ch.1, §4] and by Stein and Weiss
[18] and Nikol’skii [11, Ch.16]. In particular, each of the transforms (2.1),
(2.3) and (2.2), (2.4) is inverse to the other one for suitable functions u(x, t).
Suppose that there exist the Fourier transforms (Fxfk) (σ) of fk(x)
(k = 1, . . . , n) in (1.7). Applying the Laplace transform (2.1) to both sides
of equation (1.1), taking the initial conditions (1.7) and the formula for the
Laplace transform of the Riemann-Liouville partial fractional derivative [12,
(2.248)]:(LtDα0+,tu) (x, s) = sα (Ltu) (x, s)− n∑
k=1
sk−1
(
Dα−k0+,tu
)
(x, 0+), (2.5)
we have
sα (Ltu) (x, s)−
n∑
k=1
sk−1fk(x) = λ2 (∆xLtu) (x, s). (2.6)
Applying the Fourier transform (2.2) to (2.6) and using the formula for the
Fourier transform of the operator ∆x:
(Fx∆xu) (σ, s) = −|σ|2 (Fxu) (σ, s), (2.7)
we obtain the following relation
(FxLtu) (σ, s) =
n∑
k=1
sk−1
sα + λ2|σ|2 (Fxfk) (σ) (σ ∈ R
m; s ∈ C), (2.8)
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where |σ|2 =
m∑
i=1
σ2i .
Applying the inverse Fourier and Laplace transforms (2.4) and (2.3), we
deduce solution u(x, t) of the initial problem (1.1), (1.7) in the form:
u(x, t) =
(
L−1s F−1σ
[
n∑
k=1
sk−1
sα + λ2|σ|2 (Fxfk) (σ)
])
(x, t). (2.9)
We express solution (2.9) in terms of the Mittag-Leﬄer function (1.14),
being an entire function of z ∈ C. On the basis of the formula for the
Laplace transform of this function(for example, see [15, (1.93)], there hold
the relations(
Lt
[
tα−kEα,α−k+1
(−λ2|σ|2tα)]) (s) = sk−1
sα + λ2|σ|2 (2.10)
(k = 1, . . . , n; s ∈ C, σ ∈ Rm, λ > 0; λ|σ||s|−2/α < 1).
Applying the inverse Laplace and Fourier transforms (2.3) and (2.4) to (2.8)
and taking (2.10) into account, we obtain the explicit solution of the problem
(1.1), (1.7) in the form
u(x, t) =
n∑
k=1
tα−k
(2pi)m
∫
Rm
Eα,α−k+1
(−λ2|σ|2tα) (Fxfk) (σ)e−ix·σdσ. (2.11)
The above yields the following result.
Theorem 1. Let α > 0, n = −[−α], m ∈ N and λ > 0. Let there
exist the Fourier transforms (Fxfk) (σ) of functions fk(x) (k = 1, . . . , n),
and let the integrals in the right-hand side of (2.11) be convergent. Then
the Cauchy-type problem (1.1), (1.7) is solvable, and its explicit solution is
given by (2.11).
In particular, when m = 1, the solution of problem (1.6), (1.7) has the
form
u(x, t) =
n∑
k=1
tα−k
2pi
∫
R
Eα,α−k+1
(−λ2|σ|2tα) (Fxfk) (σ)e−ixσdσ. (2.12)
Corollary 1. Let n,m ∈ N and λ > 0. Solution of the Cauchy
problem (1.12), (1.13) is given by relation (2.11) with α = n provided that
the integrals in the right-hand side of (2.11) are convergent.
CAUCHY-TYPE PROBLEM FOR DIFFUSION-WAVE . . . 409
Corollary 2. Let 0 < α < 1, m ∈ N and λ > 0, and let there exist
the Fourier transforms (Fxf) (σ) of a function f(x). Then solution of the
Cauchy-type problem(
Dα0+,tu
)
(x, t) = λ2∆xu(x, t),
(
I1−α0+,tu
)
(x, 0+) = f(x) (x ∈ Rm; t > 0)
(2.13)
is given by
u(x, t) =
tα−1
(2pi)m
∫
Rm
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ix·σdσ (2.14)
provided that the integral in the right-hand side of (2.14) is convergent.
In particular, for m = 1 the solution of the problem
(
Dα0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
,
(
Dα−10+,tu
)
(x, 0+) = f(x) (x ∈ R; t > 0)
(2.15)
has the form
u(x, t) =
tα−1
2pi
∫
R
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ixσdσ. (2.16)
Corollary 3. Let 1 < α < 2, m ∈ N, λ > 0, and let there exist
the Fourier transforms (Fxf) (σ) and (Fxg) (σ) of functions f(x) and g(x).
Then the solution of the Cauchy-type problem for equation (1.1) with the
initial conditions(
Dα−10+,tu
)
(x, 0+) = f(x),
(
Dα−20+,tu
)
(x, 0+) = g(x) (x ∈ Rm; t > 0)
(2.17)
is given by
u(x, t) =
tα−1
(2pi)m
∫
Rm
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ix·σdσ
+
tα−2
(2pi)m
∫
Rm
Eα,α−1
(−λ2|σ|2tα) (Fxg) (σ)e−ix·σdσ, (2.18)
provided that integrals in the right-hand side of (2.18) are convergent.
In particular, for m = 1 the solution of problem (1.6), (2.17) has the
form
u(x, t) =
tα−1
2pi
∫
R
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ixσdσ
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+
tα−2
2pi
∫
R
Eα,α−1
(−λ2|σ|2tα) (Fxg) (σ)e−ixσdσ. (2.19)
Suppose that the functions fk(x) (k = 1, . . . , n) are infinitely differ-
entiable on Rm. Substituting (1.14) into (2.11), and changing the orders
of integration and summation (it is possible because the series in (1.14) is
uniformly convergent), and taking into account the relation
(
∆jxfk
)
(x) =
1
(2pi)m
∫
Rm
(−|σ|2)j (Fxfk) (σ)e−iσ·xdσ (j = 1, 2, . . . ) (2.20)
for jth powers of the Laplace operator (∆1x = ∆x, ∆
j
x = ∆1x∆
j−1
x , j =
2, 3, . . . ), we obtain the following representation for the solution (2.11):
u(x, t) =
n∑
k=1
tα−k
∞∑
j=0
(
λ2tα
)j
Γ(αj + α− k + 1)
(
∆jxfk
)
(x). (2.21)
This lead us to the next statement.
Theorem 2. Let α > 0, n = −[−α], m ∈ N and λ > 0. Let functions
fk(x) (k = 1, . . . , n) be infinitely differentiable on Rm, and let series in the
right-hand side of (2.21) be convergent. Then the Cauchy-type problem
(1.1), (1.7) is solvable, and its explicit solution is given by (2.21).
In particular, when m = 1, the solution of problem (1.6), (1.7) has the
form
u(x, t) =
n∑
k=1
tα−k
∞∑
j=0
(
λ2tα
)j
Γ(αj + α− k + 1)f
(2j)
k (x). (2.22)
Corollary 4. Let n,m ∈ N and λ > 0. Solution of the Cauchy
problem (1.12), (1.13) is given by relation (2.21) with α = n provided that
the series in the right-hand side of (2.21) are convergent.
Corollary 5. Let 0 < α < 1, m ∈ N and λ > 0, and let f(x) be
infinitely differentiable function on Rm. Then the solution of the Cauchy-
type problem (2.13) is given by
u(x, t) = tα−1
∞∑
j=0
(
λ2tα
)j
Γ(αj + α)
(
∆jxfk
)
(x), (2.23)
provided that the series in the right-hand side of (2.23) is convergent.
In particular, for m = 1 the solution of the problem (2.15) has the form
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u(x, t) = tα−1
∞∑
j=0
(
λ2tα
)j
Γ(αj + α− k + 1)f
(2j)
k (x). (2.24)
Corollary 6. Let 1 < α < 2, m ∈ N, λ > 0, and let f(x) and
g(x) be infinitely differentiable functions on Rm. Then the solution of the
Cauchy-type problem (1.1), (2.17) is given by
u(x, t)= tα−1
∞∑
j=0
(
λ2tα
)j
Γ(αj + α)
(
∆jxf
)
(x) + tα−2
∞∑
j=0
(
λ2tα
)j
Γ(αj + α− 1)
(
∆jxg
)
(x),
(2.25)
provided that the series in the right-hand side of (2.25) are convergent.
In particular, for m = 1 the solution of problem (1.6), (2.17) has the
form
u(x, t)= tα−1
∞∑
j=0
(
λ2tα
)j
Γ(αj + α)
f (2j)(x) + tα−2
∞∑
j=0
(
λ2tα
)j
Γ(αj + α− 1)g
(2j)(x).
(2.26)
3. Explicit solutions in terms of the H-function
If 0 < α < 2, then the explicit solution of equation (1.1) with initial
conditions (1.7) for 0 < α ≤ 1, n = 1 and 1 < α < 2, n = 2 are expressed
via theH2,02,2 -function (1.15). The proof is based on application of the inverse
Fourier and Laplace transforms (2.4) and (2.3) to (2.8) and formulas of the
Fourier and Laplace transforms of the modified Bessel function of the third
kind (McDonald function) Kν(z) [3, 7.2(13)] and of the H-function (1.15)
of the form
H2,02,2
[
z
∣∣∣∣ (a, 12) , (b, α2 )(c, 1) (d, 12)
]
=
1
2pii
∫
L
Γ(c+ τ)Γ(d+ τ/2)
Γ(a+ τ/2)Γ(b+ ατ/2)
z−τdτ. (3.1)
Here a, b, c, d ∈ R, and L is a contour starting at the point γ − i∞ and
terminating at the point γ + i∞, where γ ∈ R, and separating all poles of
the Gamma-functions Γ(c+ τ) and Γ(d+ τ/2) from to the left.
Lemma 1. Let 0 < α < 2, let a, b, c, d,∈ R, and let z ∈ C, | arg(z)| <
(2− α)pi/4, z 6= 0. Then the H2,02,2 -function in (3.1) exists.
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P r o o f. The result follows from the existence theorem for the H-
function; see [7, Theorem 1.1].
Lemma 2. For m ∈ N and c > 0 there holds the following formula
(
Fx
[
|x|(2−m)/2K(m−2)/2(c|x|)
])
(σ) =
(
2pi
c
)m/2 c
c2 + |σ|2 (σ ∈ R
m).
(3.2)
P r o o f. It is known the following formula of the Fourier transform
(2.2) of a radial function on Rm (for example, see [15, (25.11)]:
(Fx [ϕ(|x|)]) (σ) = (2pi)
m
2
|σ|m−22
∞∫
0
ϕ(ρ)ρ
m
2 Jm−2
2
(ρ|σ|)dρ. (3.3)
Setting in (3.3) ϕ(ρ) = ρ
2−m
2 Km−2
2
(cρ), we have
(
Fx
[
|x|(2−m)/2K(m−2)/2(c|x|)
])
(σ)
=
(2pi)
m
2
|σ|m−22
∞∫
0
ρ
2−m
2 Km−2
2
(cρ)ρ
m
2 Jm−2
2
(ρ|σ|)dρ
=
(2pi)
m
2
|σ|m−22
∞∫
0
ρKm−2
2
(cρ)Jm−2
2
(|σ|ρ)dρ. (3.4)
Using the formula [13, 2.16.21.1]:
∞∫
0
ρKν(aρ)Jν(bρ)dρ =
(
b
a
)ν 1
a2 + b2
(a > 0, b ≥ 0, ν > −1) (3.5)
and setting a = c > 0, b = |σ| ≥ 0, ν = m−22 > −1, we find
∞∫
0
ρKm−2
2
(cρ)Jm−2
2
(ρ|σ|)dρ =
( |σ|
c
)m−2
2 1
c2 + |σ|2 . (3.6)
Substituting (3.6) into (3.4), we obtain (3.2), and thus the lemma is proved.
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According to (3.2) with c = sα/2/λ,(
Fx
[
|x|(2−m)/2K(m−2)/2
(
s
α
2
λ
|x|
)])
(σ)
= (2pi)
m
2 s
α(2−m)
4 λ
m+2
2
1
sα + λ2|σ|2 ,
and hence
sk−1
sα + λ2|σ|2 =
(
Fx
[
n∑
k=1
s
α(m−2)
4
+k−1
λ(2piλ)
m
2
|x| 2−m2 Km−2
2
( |x|
λ
s
α
2
)])
(σ). (3.7)
By (3.7), equality (2.8) takes the form
(FxLtu) (σ, s)
=
(
Fx
[
n∑
k=1
s
α(m−2)
4
+k−1
λ(2piλ)
m
2
|x| 2−m2 Km−2
2
( |x|
λ
s
α
2
)])
(σ) (Fxfk) (σ).
In accordance with the Fourier convolution theorem, we rewrite this relation
in the form
(FxLtu) (σ, s)
=
(
Fx
[
n∑
k=1
s
α(m−2)
4
+k−1
λ(2piλ)
m
2
|x| 2−m2 Km−2
2
( |x|
λ
s
α
2
)
∗x fk(x)
])
(σ). (3.8)
Applying the inverse Fourier transform (2.4) to (3.8), we have for x ∈ Rm
and s ∈ C:
(Ltu) (x, s) =
n∑
k=1
s
α(m−2)
4
+k−1
λ(2piλ)
m
2
|x| 2−m2 Km−2
2
( |x|
λ
s
α
2
)
∗x fk(x). (3.9)
Applying the inverse Laplace transform (2.3) to (3.9), we can deduce
the explicit solution of the Cauchy-type problem (1.1), (1.7). For this we
need to find the inverse Laplace transform of the functions
s
α(m−2)
4
+k−1Km−2
2
( |x|
λ
s
α
2
)
(k = 1, . . . , n). (3.10)
Now we show that for 0 < α ≤ 1, k = 1 and 1 < α < 2, k = 1, 2 functions
in (3.10) are represented by the Laplace transform (2.1) of H2.02,2 -functions
(3.1) multiplying by power functions.
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Lemma 3. If 0 < α ≤ 1, k = 1 or 1 < α < 2, k = 1, 2, then(
Lt
[
t−k−
α(m−2)
4 H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ]]) (s)
= 2
m
2 pi−
1
2 s
α(m−2)
4
+k−1Km−2
2
( |x|
λ
s
α
2
)
. (3.11)
P r o o f. We use representation (3.1) and chose the contour L in such
way that Re(τ) > m−22 +
2
α . Then −k− α(m−2)4 + α2Re(τ) > −1 for 0 < α ≤ 1,
k = 1 and 1 < α < 2, k = 1, 2, and this ensure the convergence of all
improper integrals below.
From (2.1) and (3.1) we have(
Lt
[
t−k−
α(m−2)
4 H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ]]) (s)
=
1
2pii
∫
L
Γ
(
m
2 − 1 + τ
)
Γ
(
1
2 − m4 + τ2
)
Γ
(
m
4 +
τ
2
)
Γ
(
1− k − α(m−2)4 + α2 τ
) ( |x|
λ
)−τ
dτ
×
∞∫
0
e−stt−k−
α(m−2)
4
+α
2
τdt
= sk−1+
α(m−2)
4
1
2pii
∫
L
Γ
(
m
2 − 1 + τ
)
Γ
(
1
2 − m4 + τ2
)
Γ
(
m
4 +
τ
2
) ( |x|
λ
s
α
2
)−τ
dτ.
Hence, in accordance with (1.15),(
Lt
[
t−k−
α(m−2)
4 H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ]]) (s)
= sk−1+
α(m−2)
4 H2,01,2
[ |x|
λ
s
α
2
∣∣∣∣ (m4 , 12)(m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] . (3.12)
It is directly verified the following relation
H2,01,2
[ |x|
λ
s
α
2
∣∣∣∣ (m4 , 12)(m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] = 2m2 pi− 12Km−2
2
( |x|
λ
s
α
2
)
. (3.13)
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Substitution of (3.13) into (3.12) yields (3.11), which completes the proof
of lemma.
Let n = 1 for 0 < α ≤ 1 and n = 2 for 1 < α < 2. Using (3.11), we
rewrite (3.9) in the form
(Ltu)(x, s) = 2
−m|x| 2−m2
λ1+
m
2 pi
m−1
2
(
Lt
[
n∑
k=1
t−k−
α(m−2)
4
×H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] ∗x fk(x)
])
(s).
Applying the inverse Laplace transform (2.3), we obtain the solution u(x, t)
of the problem (1.1), (1.7) in closed form:
u(x, t) =
2−m|x| 2−m2
λ1+
m
2 pi
m−1
2
×
n∑
k=1
t−k−
α(m−2)
4 H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] ∗x fk(x).
(3.14)
From the above arguments we deduce the following results.
Theorem 3. Let 0 < α ≤ 1, m ∈ N and λ > 0. Then the Cauchy-type
problem(
Dα0+,tu
)
(x, t) = λ2(∆xu)(x, t),
(
Dα−10+,tu
)
(x, 0+) = f(x) (x ∈ Rm)
(3.15)
is solvable, and its explicit solution has the form
u(x, t) =
∫
Rm
Gα1 (x− τ, t)f(τ)dτ, (3.16)
where
Gα1 (x, t) =
2−m|x| 2−m2
λ1+
m
2 pi
m−1
2
t−1−
α(m−2)
4
×H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
−α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] , (3.17)
provided that the integral in the right-hand side of (3.16) is convergent.
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Theorem 4. Let 1 < α < 2, m ∈ N and λ > 0. Then the Cauchy-type
problem for equation (1.1) with the initial conditions(
Dα−10+,tu
)
(x, 0+) = f(x),
(
Dα−20+,tu
)
(x, 0+) = g(x) (x ∈ Rm) (3.18)
is solvable and its explicit solution has the form
u(x, t) =
∫
Rm
[Gα1 (x− τ, t)f(τ) +Gα2 (x− τ, t)g(τ)] dτ, (3.19)
where Gα1 (x, t) is given by (3.17), and
Gα2 (x, t) =
2−m|x| 2−m2
λ1+
m
2 pi
m−1
2
t−2−
α(m−2)
4
×H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
−1− α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] , (3.20)
provided that the integral in the right-hand side of (3.19) is convergent.
Remark 1. Hilfer [6] considered problem (3.15) when f(x) = δ(x) is the
Dirac delta function, and expressed its the so-called fundamental solution
in terms of the H2,01,2 -function.
Remark 2. Functions Gα1 (x, t) and G
α
2 (x, t) in (3.17) and (3.20) are
called the fractional Green functions by an analogy with the ordinary case:
see [12, Section 4.1].
4. Explicit solutions in terms of the Wright function
When m = 1, H2,02,2 -functions in (3.14) are expressed via the Wright
function (1.17).
Lemma 4. Let 0 < α < 2, λ > 0 and let k = 1 for 0 < α ≤ 1, while
k = 1, 2 for 1 < α < 2. Then for x ∈ R and t > 0
H2,02,2
[ |x|
λ
t−
α
2
∣∣∣∣ (14 , 12) , (1− k + α4 , α2 )(−12 , 1) , (14 , 12)
]
=
( |x|
λ
t−
α
2
)− 1
2
ϕ
(
−α
2
,
α
2
+ 1− k;−|x|
λ
t−
α
2
)
. (4.1)
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P r o o f. By the property of Hm,np.q -function [7, Property 2.2], with
m = n = p = 2 and q = 0, and definition of the H-function (1.15), we have
H2,02,2
[ |x|
λ
t−
α
2
∣∣∣∣ (14 , 12) , (1− k + α4 , α2 )(−12 , 1) , (14 , 12)
]
= H1,01,1
[ |x|
λ
t−
α
2
∣∣∣∣ (1− k + α4 , α2 )(−12 , 1)
]
=
1
2pii
∫
L
Γ(−12 + τ)
Γ(1− k + α2 + τ/2)
( |x|
λ
t−
α
2
)−τ
dτ, (4.2)
Using usual technique and evaluating residues of the integrand at poles
τj = −j + 12 of the gamma function Γ(−12 + τ) and taking (1.17) into
account we deduce (4.1), which proves the lemma.
Setting m = 1 and using Lemma 4, from Theorems 3 and 4 we deduce
the corresponding assertions for equation (1.6).
Theorem 5. If 0 < α ≤ 1 and λ > 0, then the Cauchy-type problem(
Dα0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
,
(
Dα−10+,tu
)
(x, 0+) = f(x) (x ∈ R, t > 0)
(4.3)
is solvable, and its explicit solution is given by
u(x, t) =
∫
R
Gα1 (x− τ, t)f(τ)dτ, (4.4)
Gα1 (x, t) =
1
2λ
t
α
2
−1ϕ
(
−α
2
,
α
2
;−|x|
λ
t−
α
2
)
, (4.5)
provided that the integral in the right-hand side of (4.4) is convergent.
Theorem 6. If 1 < α < 2 and λ > 0, then the Cauchy-type problem
for equation (1.6) with the initial conditions(
Dα−10+,tu
)
(x, 0+) = f1(x),
(
Dα−20+,tu
)
(x, 0+) = f2(x) (x ∈ R) (4.6)
is solvable, and its explicit solution has the form
u(x, t) =
∫
R
[Gα1 (x− τ, t)f1(τ) +Gα2 (x− τ, t)f2(τ)] dτ, (4.7)
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provided that the integral in the right-hand side of (4.7) is convergent. Here
Gα1 (x, t) is given by (4.5), and
Gα2 (x, t) =
1
2λ
t
α
2
−2ϕ
(
−α
2
,
α
2
− 1;−|x|
λ
t−
α
2
)
. (4.8)
Remark 3. The explicit solution (4.4) of the Cauchy-type problem
(4.3) coincides with the known solution obtained in [12, Example 4.4].
5. Behavior of solutions for large x
We investigate a behavior of solutions (3.16) and (3.19), as |x| → ∞.
For this we find an asymptotic estimate of the H2,02,2 -functions in (3.17) and
(3.20).
Lemma 5. Let m ∈ N, 0 < α < 2, k = 1 for 0 < α ≤ 1, while k = 1, 2
for 1 < α < 2. Then for any fixed t > 0 there hold the following asymptotic
estimates:
H2,02,2
[
|x|
λ
t−
α
2
∣∣∣∣∣
(
m
4 ,
1
2
)
,
(
1− k − α(m−2)4 , α2
)(
m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ]
= Ak exp
[
−(2− α)
2
(α
2
) α
2−α
( |x|
λ t
α
2
) 2
2−α
]
×
( |x|
λt
α
2
) 2
2−α
h
α(m−2)
4
+k−1
i 1 +O( tα2|x|
) 2
2−α
 (|x| → ∞, k = 1, 2), (5.1)
where Ak (k = 1, 2) are certain constants.
P r o o f. Formula (5.1) follows from the exponential estimate at infinity
of more general Hq,0p,q -function given in [7, Theorem 1.10].
From (5.1) we deduce the asymptotic relations for functions Gα1 (x, t)
and Gα2 (x, t) in (3.17) and (3.20): for any fixed t > 0 we have, as |x| → ∞
Gαk (x, t) = Bk exp
[
−(2− α)
2
(α
2
) α
2−α
( |x|
λ t
α
2
) 2
2−α
]
×|x| 2−m2 t−k−α(m−2)4
( |x|
λt
α
2
) 2
2−α
h
α(m−2)
4
+k−1
i 1 +O( tα2|x|
) 2
2−α
 , (5.2)
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with
Bk =
2−m
λ1+
m
2 pi
m−1
2
Ak (k = 1, 2), (5.3)
where k = 1 for 0 < α ≤ 1, while k = 1, 2 for 1 < α < 2.
Since 0 < α < 2, then it follows from (5.2) that Gα1 (x, t) and G
α
2 (x, t)
for any fixed t > 0 tend to zero, as |x| → ∞,
lim
|x|→∞
Gα1 (x, t) = lim|x|→∞
Gα2 (x, t) = 0 (x ∈ Rm). (5.4)
Then from (3.16) and (3.19) we obtain the following result.
Theorem 7. Let 0 < α < 2, m ∈ N and λ > 0.
(a) If 0 < α ≤ 1, then solution (3.16) of the Cauchy-type problem (3.15)
for any fixed t > 0 tends to zero, as |x| → ∞:
lim
|x|→∞
u(x, t) = 0 (x ∈ Rm). (5.5)
(b) If 1 < α < 2, then solution (3.19) of the Cauchy-type problem (1.1),
(3.18) for any fixed t > 0 tends to zero, as |x| → ∞:
lim
|x|→∞
u(x, t) = 0 (x ∈ Rm). (5.6)
Corollary 7. Let 0 < α < 2 and λ > 0.
(a) If 0 < α ≤ 1, then solution (4.4) of the Cauchy-type problem (4.3)
for any fixed t > 0 tends to zero, as |x| → ∞:
lim
|x|→∞
u(x, t) = 0 (x ∈ R). (5.7)
(b) If 1 < α < 2, then solution (4.7) of the Cauchy-type problem (1.6),
(4.6) for any fixed t > 0 tends to zero, as |x| → ∞:
lim
|x|→∞
u(x, t) = 0 (x ∈ R). (5.8)
Remark 4. Relations (5.5) and (5.6) show that solutions (3.16) and
(3.19) of the Cauchy-type problems for the partial fractional differential
equation (1.1) of order 0 < α ≤ 1 and 1 < α < 2, with the respective
initial conditions (3.15) and (3.18), tend to zero, as x tends to infinity. This
result show that solutions of the above problems have the same property
as solutions of the Cauchy problem for the heat equation (1.4) and for the
wave equation (1.5). This property usually put as the initial condition of
the Cauchy problem for the heat and wave equations (1.4) and (1.5); for
example, see [19].
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6. Examples
Here we give examples of solutions of the Cauchy-type problems (1.1),
(1.7) and (1.6), (1.7) and illustrate the obtained solutions in the case m = 1
and f(x) = sinxx in graphs by using the program Mathematica. We begin
with the case α = 1/2.
Example 1. Consider the Cauchy-type problem (3.15) with α = 1/2:(
D
1/2
0+,tu
)
(x, t) = λ2(∆xu)(x, t),(
D
−1/2
0+,t u
)
(x, 0+) = f(x) (x ∈ Rm, t > 0)
(6.1)
By Theorem 3, its solution has the form
u(x, t) =
∫
Rm
G
1/2
1 (x− τ, t)f(τ)dτ, (6.2)
where G1/21 (x, t) is given by (3.17) with α = 1/2. When m = 1, then by
Theorem 5 the Cauchy-type problem
(
Dα0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
,
(
D
−1/2
0+,t u
)
(x, 0+) = f(x) (x ∈ R, t > 0)
(6.3)
has the solution
u(x, t) =
∫
R
G
1/2
1 (x− τ, t)f(τ)dτ, (6.4)
where G1/21 (x, t) is given by (4.5) with α = 1/2.
If f(x) is infinitely differentiable on Rm, then by Corollary 5
u(x, t) = t−1/2
∞∑
j=0
(
λ2t1/2
)j
Γ( j+12 )
(
∆jxfk
)
(x) (6.5)
and
u(x, t) = t−1/2
∞∑
j=0
(
λ2t1/2
)j
Γ
(
j+1
2
) f (2j)(x) (6.6)
are solutions of problem (6.1) and (6.3), respectively.
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Figure 1:
Using the program Mathematica, we construct the graph of solution
(6.6) with λ = 1 and f(x) = sinxx in Figure 1.
Example 2. Consider the Cauchy problem for the diffusion (heat)
equation (1.4):
∂u(x, t)
∂t
= λ2 (∆xu) (x, t), u(x, 0) = f(x) (x ∈ Rm, t > 0). (6.7)
By Theorem 3, this problem has the solution
u(x, t) =
∫
Rm
G11(x− τ, t)f(τ)dτ. (6.8)
Lemma 6. Gα1 (x, t) in (3.17) for α = 1 has the form
G11(x, t) =
1
(2λ
√
pi)m
t−
m
2 e−
|x|2
4λ2t (x ∈ Rm, t > 0). (6.9)
P r o o f. By (3.17),
G11(x, t) =
2−m|x| 2−m2
λ1+
m
2 pi
m−1
2
t−
1
2
−m
4 H2,02,2
[ |x|
λ
t−
1
2
∣∣∣∣ (m4 , 12) , (12 − m4 , 12)(m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] .
(6.10)
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Using the properties of the H-function (1.15) [7, (2.1.2) and (2.1.5)] and
applying the same arguments, as in the proof of (4.2), we have
H2,02,2
[ |x|
λ
t−
1
2
∣∣∣∣ (m4 , 12) , (12 − m4 , 12)(m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ]
= H1,01,1
[ |x|
λ
t−
1
2
∣∣∣∣ (m4 , 12)(m
2 − 1, 1
) ]
=
( |x|
λ
t−
1
2
)m
2
−1
H1,01,1
[ |x|
λ
t−
1
2
∣∣∣∣ (12 , 12)(0, 1)
]
=
( |x|
λ
t−
1
2
)m
2
−1
ϕ
(
−1
2
,
1
2
;−|x|
λ
t−
1
2
)
. (6.11)
By the definition (1.17) of the Wright function, it is directly verified that
ϕ
(
−1
2
,
1
2
; z
)
=
1√
pi
e−
z2
4 (z ∈ C). (6.12)
According to (6.12), relation (6.11) takes the form
H2,02,2
[ |x|
λ
t−
1
2
∣∣∣∣ (m4 , 12) , (12 − m4 , 12)(m
2 − 1, 1
)
,
(
1
2 − m4 , 12
) ] = |x|m2 −1λ1−m2 pi− 12 t 12−m4 e− |x|24λt .
(6.13)
Substitution of (6.13) into (6.10) yields (6.9), and lemma is proved.
By (6.9), relation (6.8) has the form
u(x, t) =
∫
Rm
G(x− τ, t)f(τ)dτ, G(x, t) = 1
(2λ
√
pi)m
t−
m
2 e−
|x|2
4λ2t . (6.14)
This solution of the Cauchy problem (6.7) is well known: for example, see
[19, p.230 and p.482].
In particular, when m = 1 the Cauchy problem
∂u(x, t)
∂t
= λ2
∂2u
∂x2
(x, t), u(x, 0) = f(x) (x ∈ R, t > 0) (6.15)
has the solution
u(x, t) =
∫
R
G(x− τ, t)f(τ)dτ, G(x, t) = 1
2λ
√
pi
t−
1
2 e−
|x|2
4λ2t . (6.16)
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Figure 2:
Using the programMathematica, we present the graph of solution (6.16)
with λ = 1 and f(x) = sinxx in Figure 2.
Example 3. Consider the Cauchy-type problem (1.1), (3.18) with α =
3/2: (
D
3/2
0+,tu
)
(x, t) = λ2(∆xu)(x, t) (x ∈ Rm, t > 0), (6.17)(
D
1/2
0+,tu
)
(x, 0+) = f(x),
(
D
−1/2
0+,t u
)
(x, 0+) = g(x) (x ∈ Rm). (6.18)
By Theorem 3, its solution has the form
u(x, t) =
∫
Rm
[G3/21 (x− τ, t)f(τ) +G3/22 (x− τ, t)g(τ)]dτ, (6.19)
where G3/21 (x, t) and G
3/2
2 (x, t) are given respectively by (3.17) and (3.20)
with α = 3/2. When m = 1, then by Theorem 6 the Cauchy-type problem(
D
3/2
0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
(x ∈ R; t > 0), (6.20)(
D
1/2
0+,tu
)
(x, 0+) = f(x),
(
D
−1/2
0+,t u
)
(x, 0+) = g(x) (x ∈ R; t > 0) (6.21)
has the solution
u(x, t) =
∫
R
[G3/21 (x− τ, t)f(τ) +G3/22 (x− τ, t)g(τ)]dτ, (6.22)
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where G3/21 (x, t) and G
3/2
2 (x, t) are given respectively by (4.5) and (4.8) with
α = 3/2.
If f(x) and g(x) are infinitely differentiable on Rm, then by Corollary 6
u(x, t) = t1/2
∞∑
j=0
(
λ2t3/2
)j
Γ(3j2 +
3
2)
(
∆jxf
)
(x) + t−1/2
∞∑
j=0
(
λ2t3/2
)j
Γ(3j2 +
1
2)
(
∆jxg
)
(x)
(6.23)
and
u(x, t) = t1/2
∞∑
j=0
(
λ2t3/2
)j
Γ(3j2 +
3
2)
f (2j)(x) + t−1/2
∞∑
j=0
(
λ2t3/2
)j
Γ(3j2 +
1
2)
g(2j)(x) (6.24)
are solutions of problem (6.17), (6.18) and (6.20), (6.21), respectively.
Using the program Mathematica, we give the graph of solution (6.24)
with λ = 1, f(x) = 0 and g(x) = sinxx in Figure 3.
Figure 3:
Example 4. Consider the Cauchy problem for the wave equation (1.5):
∂2u(x,t)
∂t2
= λ2 (∆xu) (x, t),
u(x, 0) = g(x), ∂u(x,0)∂t = f(x) (x ∈ Rm, t > 0).
(6.25)
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By Corollary 1, this problem has the solution
u(x, t) =
tα−1
(2pi)m
∫
Rm
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ix·σdσ+
+
tα−2
(2pi)m
∫
Rm
Eα,α−1
(−λ2|σ|2tα) (Fxg) (σ)e−ix·σdσ. (6.26)
When m = 1, the Cauchy problem
∂2u(x,t)
∂t2
= λ2 ∂
2u(x,t)
∂x2
,
u(x, 0) = g(x), ∂u(x,0)∂t = f(x) (x ∈ R, t > 0)
(6.27)
has the solution
u(x, t) =
tα−1
2pi
∫
R
Eα,α
(−λ2|σ|2tα) (Fxf) (σ)e−ixσdσ+
+
tα−2
2pi
∫
R
Eα,α−1
(−λ2|σ|2tα) (Fxg) (σ)e−ixσdσ. (6.28)
If f(x) and g(x) are infinitely differentiable on Rm, then by Corollary 4,
u(x, t) = t
∞∑
j=0
(λt)2j
(2j + 1)!
(
∆jxf
)
(x) +
∞∑
j=0
(λt)2j
(2j)!
(
∆jxg
)
(x) (6.29)
and
u(x, t) = t
∞∑
j=0
(λt)2j
(2j + 1)!
f (2j)(x) +
∞∑
j=0
(λt)2j
(2j)!
g(2j)(x) (6.30)
are solutions of Cauchy problems (6.25) and (6.27), respectively.
Denoting by F (x) a primitive of f(x) and using the Tailor expansions
of f(x) and g(x) in a neighborhood of x ∈ R, we have for solution (6.30)
u(x, t) =
1
λ
∞∑
j=0
(λt)2j+1
(2j + 1)!
F (2j+1)(x) +
∞∑
j=0
(λt)2j
(2j)!
g(2j)(x)
=
1
2λ
( ∞∑
i=0
(λt)i
i!
F (i)(x)−
∞∑
i=0
(−λt)i
i!
F (i)(x)
)
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+
1
2
( ∞∑
i=0
(λt)i
i!
g(i)(x) +
∞∑
i=0
(−λt)i
i!
g(i)(x)
)
=
F (x+ λt)− F (x− λt)
2λ
+
f(x+ λt) + f(x− λt)
2
.
Hence (6.30) takes the form
u(x.t) =
1
2λ
x+λt∫
x−λt
f(τ)dτ +
g(x+ λt) + g(x− λt)
2
, (6.31)
which coincides with the well known solution of the Cauchy problem (6.27):
for example, see [19, p. 56].
Using the program Mathematica, we give the graph of solution (6.31)
with λ = 1, f(x) = 0 and g(x) = sinxx in Figure 4.
Figure 4:
Example 5. Consider the Cauchy-type problem (1.1), (1.7) with α =
5/2: (
D
5/2
0+,tu
)
(x, t) = λ2(∆xu)(x, t) (x ∈ Rm, t > 0), (6.32)(
D
3/2
0+,tu
)
(x, 0+) = f(x),
(
D
1/2
0+,tu
)
(x, 0+) = g(x),
(
D
−1/2
0+,t u
)
(x, 0+) = h(x).
(6.33)
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By Theorem 1, its solution has the form
u(x, t) =
t3/2
(2pi)m
∫
Rm
E5/2,5/2
(
−λ2|σ|2t5/2
)
(Fxf) (σ)e−ix·σdσ+
+
t1/2
(2pi)m
∫
Rm
E5/2,3/2
(
−λ2|σ|2t5/2
)
(Fxg) (σ)e−ix·σdσ+
+
t−1/2
(2pi)m
∫
Rm
E5/2,1/2
(
−λ2|σ|2t5/2
)
(Fxh) (σ)e−ix·σdσ. (6.34)
Relation (6.34) with m = 1 yields the explicit solution of the Cauchy-type
problem (
D
5/2
0+,tu
)
(x, t) = λ2
∂2u(x, t)
∂x2
(x ∈ R, t > 0), (6.35)(
D
3/2
0+,tu
)
(x, 0+) = f(x),
(
D
1/2
0+,tu
)
(x, 0+) = g(x),
(
D
−1/2
0+,t u
)
(x, 0+) = h(x).
(6.36)
If f(x), g(x) and h(x) are infinitely differentiable on Rm, then by The-
orem 2, solution of (6.32), (6.33) is given by
u(x, t) = t3/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
5
2)
(
∆jxf
)
(x)
+t1/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
3
2)
(
∆jxg
)
(x) + t−1/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
1
2)
(
∆jxh
)
(x). (6.37)
In particular, when m = 1, the solution of problem (6.35), (6.36) takes
the form
u(x, t) = t3/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
5
2)
f (2j)(x)+
+t1/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
3
2)
g(2j)(x) + t−1/2
∞∑
j=0
(
λ2t5/2
)j
Γ(5j2 +
1
2)
h(2j)(x). (6.38)
Using the program Mathematica, we construct the graph of solution
(6.38) with λ = 1, f(x) = g(x) = 0 and h(x) = sinxx in Figure 5.
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